ON RUBIN'S VARIANT OF THE p-ADIC BIRCH AND 
SWINNERTON-DYER CONJECTURE 



A. AGBOOLA 

Abstract. We study Rubin's variant of the p-adic Birch and Swinnerton-Dyer conjecture 
for CM eUiptic curves concerning certain special values of the Katz two-variable p-adic 
L-function that lie outside the range of p-adic interpolation. 



1. Introduction 

Let ii^/Q be an elliptic curve with complex multiplication by Ok-, the ring of integers of an 
imaginary quadratic field K (necessarily of class number one). Let p > 3 be a prime of good, 
ordinary reduction for E; then we may write pOx = PP*, with p = ttOk and p* = 7t*0k- 

Set /Coo := K{E^oo), K*^ := K{E^,^), and i^oo := /Coo/C^. Write (resp. K*^) for the 
unique Zp extension of K unramified outside p (resp. p*). Let O denote the completion 
of the ring of integers of the maximal unramified extension of Qp. For any extension L/ K 
we set A(L) := K(Ga\{L/K)) := Zp[[Gal{L / K)]], and A(L)o := 0[[G&\{L / K)]]. We write 
X{L) (resp. X*{L)) for the Pontryagin dual of the p-primary Selmer g roup Sel(Z7, E'j^oo^ 
(resp. the p*-primary Selmer group Sel(L, E'^.cx))) of E/L. 

Let 

: Gal(K/K) Aut(E^oc) ^ O^ p ^ Z^, 
iP* : Gal(K/K) Aut(E^.oc) A O^ p. ^ Z^ 

denote the natural Z^ -valued characters of Gal(i^'/i^) arising via Galois action on E^^oa and 
Et,*oo respectively. We may identify ip with the Grossecharacter associated to E (and ip* 
with the complex conjugate ip of this Grossencharacter) , as described, for example, in [I^t 
p. 325]. We write T (resp. T*) for the p-adic (resp. p*-adic) Tate module of E. 

The two- variable Iwasawa main conjecture (proved by Rubin [16]) implies that X(.^oo) 
is a torsion A (^oo) -module whose characteristic ideal in A(^oo)c' is generated by a twist of 
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Katz's two-variable p-adic L-function £p by the character t/^. The function Cp satisfies a 
p-adic interpolation formula that may be described as follows (see p3l Theorem 7.1] for the 
version given here, and also [HI Theorem II. 4. 14]). For all pairs of integers j, G Z with 
< — j < k, and for all characters x '■ Gal{K{Ep) / K) — > , we have 

CM'r'x) = A ■ L{^-'^-'x'\ 0). (1.1) 

Here L[ip~^il) ■'x~^,s) denotes the complex Hecke L-function, and A denotes an explicit, 
non-zero factor whose precise description need not concern us here. 
Define 

L,{s) := C,{ij < >^-i), L;(s) := < ^ 

for s G Zp. The character ip lies within the range of interpolation of £p, and the p-adic Birch 
and Swinnerton-Dyer conjecture for E (see [H pages 133-134], [T?, Theorem V.8]) predicts 
that ords=i Lp{s) is equal to the rank r of -E(Q), and that 



.,„5 ^ ~ |.og,(,(o.))l' . (l - ^M) . (l - . |:n(A-)(rtl . R.. 



pi 



where 71 is a topological generator of Gal(/Coo/-f^), IIl(-ft')(p) is the p-primary component of 
the Tate-Shafarevich group IIl(_ft') of E jK, Rk,p is the regulator associated to the algebraic 
p-adic height pairing 

{ , }k,p : Se\{K,T*) x Sel(i^',T) ^ Ok,p 

on E/K (see [IQ]), and the symbol '~' denotes equality up to multiplication by a p-adic 
unit. 

On the other hand, the character ip* lies outside the range of interpolation of Cp and 
the function L*{s) has not been studied nearly as much as Lp{s). The only results con- 
cerning L*{s) of which the author is aware are due to Rubin (see [H], [15|). When r > 1, 
Rubin formulated a variant of the p-adic Birch and Swinnerton-Dyer conjecture for L*{s) 
which predicts that that oidg^i L*{s) is equal to r — 1, and which gives a formula for 
\ims^i[L*{s) / {s — 1)''^^]- Under suitable hypotheses, Rubin showed that his conjecture 
is equivalent to the usual p-adic Birch and Swinnerton-Dyer conjecture, and he proved both 
conjectures when r = 1. In the case r = 1, he then used these results to give a striking 
p-adic construction of a global point of infinite order in -E'(Q) directly from the special value 
of a p-adic L-function. 

When r = 0, however, the above analysis breaks down, and the situation is less clear. The 
functional equation satisfied by Cp (see [6l II §6]) shows that ords=i Lp(s) and ords=i L*(s) 
have opposite parity, and so when r = 0, one expects that ords=iL*(s) is odd. This may 
perhaps be viewed as being an analogue of a similar exceptional zero phenomenon observed 
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in the work of Mazur, Tate and Teitelbaum concerning p-adic Birch and Swinnerton-Dyer 
conjectures for elhptic curves without complex multiphcation (see [9], [8]). As Rubin points 
out (see [13 Remark on p. 74]), it is reasonable to guess that ord^^i L*{s) = 1. If this is so, 
then one would like to determine the value of \ims^i[L*{s) / {s — 1)]. 

In this paper we study an Iwasawa module naturally associated to L*{s) via the two- 
variable main conjecture and, among other things, we prove that the above guess is indeed 
correct. The Iwasawa module in question is the Pontryagin dual Xp*{K^, W*) of a certain 
restricted Selmer group Tip*{K^,W*). This restricted Selmer group is defined by revers- 
ing the Selmer conditions above p and p* that are used to define the usual Selmer group 
Se\{K^,W*). The two-variable main conjecture implies that a characteristic power series 
Hk € A{K^) of Xp*{K^, W*) may be viewed as being an algebraic p-adic L-function cor- 
responding to L*{s). We study L*{s) by analysing the behaviour of Hk- 

A special case of our results may be described as follows. We define a compact restricted 
Selmer group Sp. {K, T*) C H^{K, T*). The Oi^,p*-module Ep. {K, T*) is free of rank |r - 1|, 
and if r > 1, then it lies in the usual Selmer group Sel(i^', T*) associated to T*. The 
Oi^-^pt-rank of Sp*(i^, T*) governs the order of vanishing of L*{s) at s = 1 in the same way 
that the Ox,p-rank of Sel(i^, T) determines ords=iLp(s). We also define a similar group 
T,p{K,T) C H^(K,T), and we explain how to construct a p-adic height pairing 

[, ]k,p* : tp{K,T) X tp4K,T*) ^ OK,r- 

If r > 1, then in fact tp{K,T) C Se\{K,T), tp*{K,T*) C Se\{K,T*), and, if the p*-adic 
Birch and Swinnerton-Dyer conjecture is true, then the p-adic height pairing [, ]k,p* is non- 
degenerate. We conjecture that [, j^^^p* is also non-degenerate when r = (see Remark 
EH). 
Define 



mrei(p)(i^) := Ker 



h\k,e)^1[h\k.,,e) 



and write IIIi.ci(p)(-^)(p*) for its p*-primary subgroup. Let IIIrei(p)(-^)(p*)/div denote the quo- 
tient of Illrei(p) (K) (p*) by its maximal divisible subgroup. It may be shown that nirci{p) (K) (p*) 
has 0/^^p*-corank one, and that IIIrei(p)(-f^)(p*)/div is finite. 
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Theorem A. Suppose that [, ]k,p* is non- degenerate, and let'y be a topological generator of 
Gal{}Cl^/ K) . Then, ifr = 0, we have oTds=i L*{s) = 1, and 

, Ltis) 
lim- 



1 r i*t \\ ^^ |lllrci(p)(-^)(p*)/div| „ 

log,(^ (7)) ■ (1 - HP )) ■ iH^^K,,,T)-AocA^,iK,T)] " 

where 71k,p* is a p-adic regulator associated to [, ]k,p*- 

We also obtain an exact (but much less explicit) formula for lim^-^i L*(s)/(s — 1) by 
applying the methods of IH] in our present setting (see Theorem 19.51 below). 

Suppose now that r > 1, and assume that Ul{K){p) is finite. Then E{K) ®Ok Ok,p* is a 
free Ox,p*-niodule of rank r, and the kernel of the localisation map 

E{K) Ok,p* ^ E{Kp,) Ok,p* 

has Oii:,p*-rank r — 1. Let yi, ■ ■ ■ ,yr-i be an Oii:,p*-basis of this kernel, and extend it to 
an Oi^-^p.-basis yi, . . . , yr-i, yp* of E{K) ®Ok Ok,p*- We write xi, . . . , x^-i, ?/p for a similarly 
constructed Oi^^p-basis of E{K) ®Ok ^k,p- The following result is a direct consequence of 
Rubin's precise formula for lims^i[L*(s)/(s — l)*""^] (see [HI Corollary 11.3]). We give a 
new proof of this result which is different from that contained in [T3]. In particular, our 
proof gives an alternative way of viewing the somewhat unusual regulator R* defined in 
§11]. 

Theorem B. Suppose that r > 1 and that [, ]k,p* is non-degenerate. Then ords=i L*(s) = 
r — 1, and 

l;{s) 

lim ~ 

s^i{s - ly-^ 

[log^ir hW^'-p-' ■ MKW)\ ■ log^,p.(2/r) ■ ^og^M ■ ^^.r, (1-2) 
where log£; p* (resp. log^j p^ denotes the p*-adic (resp. p-adic) logarithm associated to E. 

An outline of the contents of this paper is as follows. In Section [2] we recall some basic 
facts about twists of Iwasawa modules and derivatives of characteristic power series, and 
we apply these results to describe the relationship between L*{s) and a characteristic power 
series Hk € A(fr^) of Ap. (i^'^, W*). In Section [3] we define various Selmer groups, and we 
establish some of their properties. We describe how to construct an algebraic p-adic height 
pairing on restricted Selmer groups in Section HI In Section |5] we calculate (under certain 
hypotheses) the leading term of a characteristic power series Hp G A(F^) of Ap. (F^^, W*), 
where F/K is any finite extension, and F^ := FK^. In Section[6]we study restricted Selmer 
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groups over and we show that, under certain standard assumptions, ords=i L*^{s) = |r — 1|. 
We then give the proof of Theorem |X] in Section [TJ and that of Theorem [B] in Section [HI 
Finally, in Section [HI we explain how the methods of [2] may be used to give a formula for 
the exact value of lim^.^! L*{s) /(s — 1) when r = 0. 

Acknowledgements. I am very grateful indeed to Karl Rubin for extremely helpful con- 
versations and correspondence. Parts of this paper were written while I was visiting the 
Universite de Bordeaux I and the Centre de Recherches Mathematiques at the Universite 
de Montreal. I thank these institutions for their hospitality and support. 

Notation and conventions. For each integer n > 1, we write 

/C„ := i^(E^n), JC::=K{E^,n). 

For each place v of K, we write ky for the residue field of v, and Ey/ky for the reduction 
of the elliptic curve E modulo v. We set W := E^^oo and W* := i^^.oo. 
Throughout this paper, F denotes a finite extension of and we set 

T ■= FJC T ■= FJC F ■= FK 

f* — -pxr* f* — -pxr* p* — pLf* 

n ■ ^ '^ni oo • ^ '^ooi oo • -'^cxd) 

For any extension L/K we write A4{L) (resp. Ai*{L)) for the maximal abelian pro-p 
extension of L which is unramified away from p (resp. p*), and we set 

X{L) := Ga\{M{L)/L), X*{L) := G&\{M* {L) / L) . 

We let B{L) (resp. B*{L)) denote the maximal abelian pro-p extension of L which is un- 
ramified away from p (resp. p*) and totally split at all places of L lying above p* (resp. p), 
and we write 

y{L) := Gal(i3(L)/L), y*{L) := Gal(i3*(L)/L). 

If M is any Zp-module, then M^n denotes the maximal divisible submodule of M, and 
we set M/div '■= ^/^div We write Mtors for the torsion submodule of M, and for the 
Pontryagin dual of M. If M is a torsion Oi^-, q-module, with q G {p, p*}, then we write Tq(M) 
for the q-adic Tate module of M. 

We set Dp := Kp/Ox^p and Dp* := Kp*/OK,xi*- 
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2. Twists and derivatives 

In this section we shall recall some basic facts concerning twists of Iwasawa modules and 
derivatives of characteristic power series. We then apply these results to a twist of the Katz 
two- variable p-adic L-function Cp by the character ■0*. 

Let Qf :— Gel{^oo/F), and suppose that p : — > is any character. Then we have a 
twisting map 

Twp : A(e?F) ^ H^f) 

associated to p which is induced by the map g h- >• p{g)g for all g E Qf- If M is a finitely 
generated A(^j7')-module with characteristic power series /m, then a routine computation 
shows that Twp(/m) is a characteristic power series of M(p"^) :— M ^ p~^. 
Set H :— Ker(p). Then there is a natural quotient map 

Ug^/n-HGF)^A{QF/n), 

and Ilgp/-}{{Twp{fM)) is a characteristic power series of the A(^i?/7i)-module M{p~^) ®K{gF) 
^{QF/Ti). If pi : Qf — ^ Z^ is any character which factors through Qf/'H, then 

[Tw,(/m)](pi) = [ng,/^(Tw,(/M))](pi), (2.1) 
and there is an isomorphism 

M{p-') ®A(e,) ^{QF/n) ^ (M ®A(e.) k{QF/n)){p-^) 

of A(^F/7Y)-modules. Hence we may study the values of Twp{fM) at characters pi which 
factor through Qf/'H by studying the values of ng/7^(Twp(/jv/)) at such characters. 

Suppose now that p is of infinite order, and let be a finitely generated A(^i?/7i)-module 
with characteristic power series /at G A^Qf/H). We may write 

Qf/H ~ a X G, 

where |A| is prime to p, and G ~ Zp. Let 7 be a fixed topological generator of Qf/'H, and 
let 11(3 '■ A{Qf/H) A(G') be the natural quotient map. We identify A(G) with Zp[[t]] in 
the usual way via the map Hcil) 1— > 1 + i. 

Let Iqp/h denote the augmentation ideal of A^Qf/H), and suppose that n > is the 
largest integer such that /n G Igp/-^ and /jv ^ ^gpjn- hard to check that IlG{fN){t) 

is a characteristic power series of the A(G)-module N^, and that 



where 1 denotes the identity character oi Qf/H. 



(2.2) 

t=o 
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For any character v : Qpj'H 



Zp, we set 'dy 



integer, it follows from the definitions that we have 

(^;'"/^)M = [(7-l)-'"Tw,(/^)](l 



^^(7) ^7 — 1- Then if m > is any 

(2.3) 



where Tw,^ : K{Qf/'H) K{Qf I'H) is the twisting map associated to v. 

We now recall how fl2.3p is related to derivatives of certain p-adic analytic functions as 
described in |14, §7]. Write < z/ >: QpfH for the composition of z/ with the natural 

projection Zp — >• 1 +pZp, and suppose that x '■ Qf/'H — > Z^ is any character of order prime 
to p. The map from Zp to Cp given by s t— > JnI'^X < ^ >*^^) defines an analytic function 
on Zp. Define 



and set 



We write 



oid^xifN) := ords=i fwii^X < 1^ >' 
ml \ds J 



s=l 



and we extend these definitions to A{Qp) via the quotient map Ilg^/T^. A routine calculation 



shows that we have 



and 



D(")(C(^x)) = {logpM7))r 



D(-)(C/iv)(^x) = {logp{u{^))rMux) = [{logp(K7))}'"Tw,(/^)](x). (2.4) 
We can now see from (12. 2p . (12.31) and (12.41) that if n,^ := ord,y(/Ar), then we may write 
= ^^-F^ with G Aigp/n), and we have 



Ml 

N ^ 



lim 



(s - 1)"" 

dK)(^9;j''F^)(z/) 

[{logp(K7))rTw.(F.)](l) 
{logp(K7))}"^-nG(Tw.(F.))(0) 

{log,(K7))r-^^^^%^ 



(2.5) 



i=0 



We shall now apply the above discussion to the case in which F = K , M = ^"(.^00)5 
p = ^ = ^*^^ = GdA{Aoo/IC*^), G = GbX{K*JK) and x = 1. 

Recall that the two-variable main conjecture asserts that X{^oo) is a torsion A(.^oo)- 
module, and that the Katz two-variable p-adic L-function Cp is a characteristic power series 
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of A'(^oo) in ^(^00)0- We therefore see that Tw^. (£p) G A(^oo)c' is a characteristic power 
series of X^Aoq)^^^*^^)- Let Ik^ denote the kernel of the natural map A(^oo) ^{^^)- 
Fix any characteristic power series Hk € A{K^) of the A (i^^) -module 

Then we deduce from and ([23]) that 

ords=i L*{s) = ordt=o Hk, (2.6) 
and if we set n^* := ords=i L*{s), then 



(2.7) 

where '~' denotes equality up to multiplication by a p-adic unit (in fact, in this case, we 
have equality up to multiplication by an element of O^). 

3. Selmer Groups 

In this section we shall define various Selmer groups that we require, and establish some 
of their properties. 

For any place v of F, we define Hj{Fy,W) to be the image of E{Fy) ® Dp under the 
Kummer map 

E{F,)®Dp^ H\F,,W), 

and we define Hj{F^, W*) in a similar manner. Note that Hj{Fv, W) = if f f p. We also 
set 

H}{F,,E^.) := Im[E(F,)/7r"E(F,) ^ H\F,,E^n)], 
H}{F,,E^*n) := Im[E(F,)/7r*"E(F,) ^ H\F,,E^*n)]. 

Suppose that M e {W,W* , E^n, E^*n} and that q G {p,p*} . If c G H^{F,M), then we 
write loCt,(c) for the image of c in H^{Fy, M). We define 

• the true Selmer group Sel(F, M) by 

Sel(F, M) = {c G H^{F, M) \ loc^(c) G H){F^, M) for all t;} ; 

• the relaxed Selmer group Selrei(-F, M) by 

Sel,ei(F, M) = {c G H^{F, M) \ loc^(c) G H]{F^, M) for all v not dividing p] ; 

• the strict Selmer group Selstr(-^,M) by 

Selstr(i^, M) = {c G Sel(F, M) \ loc^(c) = Ofor all v dividing p} ; 
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• the q-strict Selmer group Selstr(q) (-^, ^) by 

Selstr(q)(^, M) = {ce Sel(F, M) | loc^(c) = Ofor all v dividing q} ; 

• the q-restricted Selmer group (or simply restricted Selmer group for short when q is 
understood) M) by 

M) = {cE Selrei{F, M) I loc^(c) = Ofor all v dividing q} . 

(The terminology 'restricted Selmer group' is meant to reflect a choice of a combination of 
relaxed and strict Selmer conditions at places above p.) 
We also define 

Sel7(F, T) := lim Sel7(F, E^n), Sel?(F, T*) := lim Sel?(F, 

71 n 

t^{F,T) :=limSq(F,E^,0, S,(F,T*) := lim S,(F, E^,,.). 

n n 

If L/i^' is an infinite extension, we define 

Sel7(L,M) = limSel7(L',M), Sq(L,M) = lim Sq(L', M), 
Sel7(L,T) = limSel7(L',T), Sel7(L,T*) = lim Sel7(L', T*), 

where the direct limits are taken with respect to restriction over all subfields L' G L finite 
over K. 

For any extension L/K, we set 

Sel7(L, M)^ = X7(L, M), Sq(L, M)^ = X^{L, M). 
Theorem 3.1. Let L he any field such that JF^ C L C Then there is an isomorphism 

X,,iL,W*)c^XiL)ir-') (3.1) 

of A{L)-modules. 

Proof. This is simply the analogue for restricted Selmer groups of a well-known theorem of 
Coates concerning true Selmer groups (see ^ Theorem 12]). We first observe that, since 
JF^ C L, we have isomorphisms of A(L)-modules 

X{L){iIj*-^) ~ Hom(r*, X{L)), X{L){'^*-Y ^ Hom(A'(L), W*). 

Hence, in order to establish the desired result, it suffices to show that there is a natural 
isomorphsim 

Sp*(L, W*) ^ Rom{X{L), W*). (3.2) 

This may be proved in exactly the same way as [H Theorem 12]. □ 
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The following result is a 'control theorem' for restricted Selmer groups. 

Proposition 3.2. (a) Let denote the kernel of the quotient map IIjf^ : A(5^oo) 
A(jF^). Then the kernel of the restriction map 

is finite. A characteristic power series in A(jF^) of the Pontryagin dual of the cokemel of 
this map is given by 

v\p* 

where j is a topological generator of Gal{T^/F), and, for each place v of lying above 
p*, 7^, denotes a topological generator of Gal{T^,^/ Fy) < Gal{J^^/F). 

Hence if f & A(5'oo) is a characteristic power series of Xp*{T^,W*), then ep^Iljr*^{f) e 
A(.F^) is a characteristic power series of Xp*{J^^,W*). 

(b) Suppose that L is any field such that F C L C J^^, and write II for the kernel of the 
quotient map A(.F^) — > A(L) . Then the restriction map 

is an isomorphism. 

Hence the dual of this restriction map is an isomorphism of A{L) -modules: 

Proof. Let J\f denote the maximal extension of that is unramified away from all places 
of 5^00 lying above p. Consider the following commutative diagram: 

. ^p4^*^,W*) > H\N/T*^,W*) ^ n.ir^H-A/;/^^,.,w^*) 

a 

in which the vertical arrows are the obvious restriction maps. 

Applying the Snake Lemma (together with the inflation-restriction exact sequence) to this 
diagram yields the exact sequence 

^ Ker(a) ^ i/^(^oo/^^, W*) ^ J] ^'(^oo,./^^,., W*) ^ 
^ Coker(a) ^ i/^(^oo/^^, W*) ^ \{ if^(^oo,./^i,„, W*) ^ 0. (3.3) 

v\p* 
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Now, 

H\:Booiri,W*) ^ Hom(Gal(^oo/^i), W^*), 

\{h\^oo,./:F*^,,^W*) nHom(Gal(^^o,,,/^^_J, W^*), (3.4) 

and, as Gal(^oo/-^i,) ^ A x Zp with p f A, we have 

H\d^/J^*^, W*) - H\^^/J^*^, W*) - W*, 

«|p* t)|p* v\p* 

We now deduce that gi is non-zero, and therefore has finite kernel (since H^{'^oo/^^, W^*) 
is divisible), and that g2 is injective. It follows from 03.31) that Ker(a) is finite, and that 
there is an exact sequence 

^ Ker(a) ^ H\^^/J^*^,W*) ^l[H\d^,JJ^*^^^,W*) Coker(a) 0. (3.5) 

d|P* 

It follows from ([33]) that 

CharA(^^) {H\^^/J^*^, W*))'' = 7 - r-'il); 

CharA(^^) (n^'(W-^i,.,W^*)) =n(7.-^*"'(7.))- 

Hence we deduce from (13.51) that 

CharA(^^)(Coker(a))^ = e,. = (7 - ^*-'(7))"' n(^'' " 

as asserted. 

(b) In this case we consider the commutative diagram 

, Sp.(L,l^*) > H\UIL,W*) I{.\rH\KlL,,W*) 



Pi 



/32 



/33 



We have that 

Ker(/33) = n^'(-^V^-^*) = 0' 

v\p* 
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(see [T2I p. 40], for example), and so the Snake Lemma implies that /Si is an isomorphism, 
as claimed. □ 

Corollary 3.3. For any field L with F (1 L (1 JF^, we have an isomorphism 

X,4L,T*) ^ X{J^^){r-')/h{X{J^^){r-') (3.6) 

of A{L) -modules. 

Proof. This follows directly from Proposition 13.21 and Theorem 13.11 □ 

Remark 3.4. If we take F = i^' in Proposition 13.21 then it is easy to check that ck G 
A(/C^)^. We therefore see from Proposition 13.2( a) and Corollary 13.31 that the element 
Hk € A{K^) fixed in Section [2] is a characteristic power series of Xp*{K^, W*). □ 

Definition 3.5. For any finite extension F/K and any prime q of we define 



m(F)rci(q) := Ker 



H\F,E)-.l[H\F,,E) 



and we set 



Ei,q(F) := Ker 



E{F) Ok,,~^IIe{F,) 



□ 



Lemma 3.6. Let F/K be any finite extension, and let q G {p,p*}. Then Sq(F, Tq) is a free 
OK,q-module. 

Proof. It follows from the definitions that Sq(F, Tq)tors ^ Sel(F, Tq). The desired result now 
follows from the fact that the restriction of the localisation map 



Sel(F,Tq)^ J]E(F,) Ok, 



to Sel(F, Tq)tors is injective. 



□ 



4. The j9-adic height pairing on restricted Selmer groups 

In this section we shall explain how the methods described by Perrin-Riou in [10] and [12 
may be used to construct a p-adic height pairing 

[,]i.,p*:Ep(F,T)xSp.(F,n^OK,p,. 

We begin by describing the p-adic Leopoldt hypotheses with which we shall work. 
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Definition 4.1. Let M/K be any finite extension, and consider the diagonal injection 

v\p 



Let iM{0^) denote the p-adic closure of iMiO^.j) in n?;|p^M i;? set 



5(M) :=rkz(0^,)-rkz,(^M(0]:,)). 

The weak p-adic Leopoldt hypothesis for F asserts that the numbers S{L') are bounded as 
L' runs through all finite extensions of F contained in JF^. The strong p-adic Leopoldt 
hypothesis for F asserts that the numbers S{L') are all equal to zero. 

We remark that the strong Leopoldt hypothesis is known to hold for all abelian extensions 
of (see [2]). □ 

Recall that B{J-'^) denotes the maximal abelian pro-p extension of which is unramified 
away from p and totally split at all places above p*, and that y{J^^) = Gal(i3(jF^)/jF^). 
The main ingredient in the construction of [, ]f,p* is the following result. 

Theorem 4.2. // the weak p-adic Leopoldt hypothesis holds for F then there is a natural 
isomorphism 

The proof of this theorem is very similar to that of [10, Theoreme 3.2]. We shall therefore 
just describe the main outlines of the proof, and we refer the reader to [10] for some of the 
details which we omit. 

In order to describe the proof of Theorem 14. 21 we require a number of intermediary results. 
Lemma 4.3. There is an isomorphism of Ga\{J-'^/ F) -modules 

i7i(.F-:,E.n)^Hom(E..„,j-r/-Fr^"); /^/. (4.1) 

For each place v of J-"*, there is also a corresponding local isomorphism 

H^{^n,v^E.„n) Hom(i?^.n , JF*y ). 

Proof. See [lOl Lemme 3.8]. The isomorphism (14.11) is defined as follows. Let / G H^{J-'*, Et^ti). 
and write 

for the Weil pairing. We identify JF*^/JF*^p" with H^{J^*,^pn) via Kummer theory. If 
u G -Ett*", then f{u) G H^{J-'*, fipn) is defined to be the element represented by the cocycle 

0" ^ Wnificr),u) 

for all (T G Ga^F/J"*). □ 
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Lemma 4.4. For each place v of J-"* with v \ p* , there is an isomorphism 

Proof. See |10l Lemme 3.11]. □ 

Corollary 4.5. Suppose that h G //^(JF*, E'^n). Then h E Sp(jF*,£'^n) if and only if, for 
each u G E^^n , the following local conditions are satisfied: 

(a) h{u) G J'^f/" for all v \ p; 

(h) I vjr.(h{u)) for all v \ p* . 

(Note that we impose no local conditions at places lying above p* .) 
Proof. This follows directly from Lemmas 14.31 and 14.41 □ 

In what follows, we set := Gal(jF*/F), and we write J„ for the group of finite ideles 
of J?"!*. We let Vn denote the subgroup of J„ consisting of those elements whose components 
are equal to 1 at all places dividing p and are units at all places not dividing p* . We set 

and we note that the order of VLn is bounded as n varies. 

Proposition 4.6. There is an exact sequence 

Hom(E^,n,fi„)^" ^ Hom(E^.n,C„)^" ^ T.^{F,E^^) 0. 

Proof. The proof of this Proposition is identical, mutatis mutandis, to that of [TUl Proposition 
3.13]. □ 

Now let rj'^ be the map obtained from rjn via passage to the quotient by the kernel of ?7„, 
and write Cn{p) for the p-primary part of C„. Then it may be shown exactly as on [TOl pp. 
387-389] that passing to inverse limits over the maps ri'~^ yields an isomorphism 

Ef : limEp(F,E^n) = Sp(F,T) ^ Hom(T*, limC„(p))^^'(-^-/^). 

(Here the inverse limit limC„(p) is taken with respect to the norm maps JF*^ ^ ^n-i-) 
The proof of Theorem 14.21 is completed by the following result. 

Proposition 4.7. // the weak p-adic Leopoldt hypothesis holds for F, then there is an iso- 
morphism 

Hom(T*,lima(p))^"^^^^/^^ ^ Hom(T*, 3^(J-^))^^'(^-/^). 
Proof. This may be shown in the same way as (TUl Lemme 3.18]. □ 
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We now explain how the isomorphism may be used to construct a p-adic height pairing 

■.t,{F,T) xt,4F,T*) ^ OK,r. 
We first recall (see Proposition 13.2( b)) that the restriction map 

j:,.{f,w*)^^A^*oo,w*) (4.2) 

is injective, and that there is a natural isomorphism (see Theorem 13.11) 

^ri^*c.,W*) ^}iomiXiT*J,W*). (4.3) 

It follows from the local conditions defining the restricted Selmer group Ilp*{F,W*) that 
and fl4.3p induce an injection 



Sp*(F,iy*) ^ }iom{y{J^*J,W*), (4.4) 
and taking Pontryagin duals yields a surjection 

Rom{T*,y{J^*J) ^ X,4F,W*). (4.5) 

Composing this with the natural surjection 

X,,{F,W*) ^ [^,,{F,W*UX 

and taking Gal(^^/F)-invariants yields a homomorphism 

Pf : Hom(T*,3^(^^))«^i(^^/^) ^ [J:,,{F,W*UX- 

Next, we observe that we have a canonical isomorphism 

Pp*(F,l^*)div]^ ^ Homo,,^.(Tp,(Sp*(F,iy*)div),0;,,p.) 

= Homo,,,.(Tp.(Sp*(F,iy*)),0^,pO, 

where the last equality holds because 

Tp.(Sp.(F,iy*)div = T,,{^,,{F,W*)). 

Also, for each n > 1, we have a surjective map 

Sp.(F,E^*„)^Sp*(F,l^*)^*„ 

with finite kernel. Via passage to inverse limits, these yield a map 

Sp*(F,T*)^Tp.(Sp.(F,iy*)) 

which is an isomorphism because Sp. (F, T*) is Oi^^p*-free (see Lemma [3.61) . 
It follows from the above discussion that we may view /^i? as a homomorphism 

f3p : Hom(T*,3^(J-^))G^H^^=/^) ^ Eomo^Jt,4F,T*),OK,r). 
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We thus obtain a map 

[3fo^p: t,{F,T) ^ Homo,,^,(Sp*(F,T*),OK,r), 
and this yields the desired pairing 

[,]f,p^ : t,{F,T) X t,,{F,T*) ^ Ok,p*. 

It is natural to conjecture that this pairing is always non-degenerate (see Remark 16.61) . 

If Xi, . . . , is an O^.p-basis of Sp(-F, T) (resp. if . . . , i/m is an Ox,p*-basis of £p*(F, T*)), 
then we define the regulator T^^^p* associated to [, ji^^p. by 

nF,p' := det{[xi,yj]F,p'). (4.6) 



5. The leading term 

We retain the notation of the previous section. Write Tp '■= Ga\{F^/ F), fix a topological 
generator 7^? of Tp, and identify A{F^) with the power series ring Zp[[t]] via the map 
'jp ^ t + 1. Let Hp G A(F^) be a characteristic power series of Xp*{F^,W*). In this 
section we shall calculate the leading coefficient of Hp, assuming that the strong Leopoldt 
hypothesis holds for F and that [, ]p^p* is non-degenerate. 

Proposition 5.1. Suppose that F satisfies the strong p-adic Leopoldt hypothesis. Then the 
A{F^)-module Xp*{F^,W*) has no finite, non-trivial suhmodules. 

Proof. It is straightforward to show that a slight modification of the arguments given in 
O §4] establishes the fact that if F satisfies the strong p-adic Leopoldt hypothesis, then 
the A(Fj^)-module X{F^) has no finite, non-trivial submodules. For brevity, we omit the 
details. The desired result now follows from Proposition 13.21 and Theorem 13.11 □ 

Theorem 5.2. Let Hp G A{F^) he a characteristic power series of Xp*{F^.,W*). Assume 
that the strong p-adic Leopoldt hypothesis holds for F, and that [, ]^^p. is non- degenerate. 
Set m := ikoji *^p*{F-,T*)). Then oidt=o H p = m , and 



Hp 



|Sp.(F,W^*)/div|■7^i.,p*. (5.1) 



t=0 



Proof. We begin by noting that there is a surjective homomorphism 



Xp,(Fi,iy*)^[Sp*(F,iy*; 



div 



lA 
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This implies that Hp is divisible by t™. If we write Z^o for the kernel of this map, then the 
Snake Lemma yields the following exact sequence: 

The kernel of the last map 

V(F:„iy*)r, -[Sp.(F,iy*)div]^ 
is dual to the cokernel of the map 

Since Sp.(F, W*) ~ Sp.(F^, Vr*)^^ (via Proposition O^b)), it follows that this cokernel is 
isomorphic to Sp*(-F, iy*)/div5 which is finite. 

We therefore deduce that the multiplicity of t in Hp is equal to m if and only if {Zoo)tp is 
finite, which in turn is the case if and only if the cokernel of ^p is finite. Recall (see Theorem 

X^*{F*^,W*Y^ ~ Hom(r*, 
and that the homomorphism ^p may be written as the following composition of maps 

Hom(r*,A'(F^))G^i(^-/^) ^ Hom(T*,3^(Fi))G^'(-^-/^) Sp*(F,W^*)^ ^ [Sp. (F, W^*)/div]^ 

(see (14. 4p . (14.51) ). Hence the cokernel of E,f is finite if and only if the p-adic height pairing 
[, ]p^p* is non-degenerate. 

We now see that if [, ]p^p* is non-degenerate, then {Zco)tp is finite. This implies that 
{Z^Y^ is also finite, whence it follows via Proposition 15. II that {Z^Y^ = 0- Hence we have 

El 



Zoohpl ~ |Sp.(F,H^*)/div| ■ |Coker(eF)|. 
t=o 



Now 



Coker(eF)| = [(Ep.(F,Ty*)div)^ : eF(Xp*(F^, 1^*)^-)] 
= [Tp.(Ep*(F,l^*)):vl/^(Ep(F,T))] 
= Up,,. ■ [Ker(Sp.(F,r*) ^ Tp. (Sp. (F, W^*)))] 
= TZp^p*. 



Hence 



Hp 



|Sp.(F,^y*)/div|■7^i.,p* 



t=0 
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as claimed. □ 



6. Restricted Selmer groups over K 

In this section we shall analyse various properties of restricted Selmer groups over K. The 
main tool for doing this is the Poitou-Tate exact sequence (see e.g. [5], Theorem 1.5] or [TT| 
Proposition 4.1.1]). 

We write Sp for the set of places of F lying above p, and Gf,Sf the Galois group over 
F of the maximal abelian extension of F that is unramified away from all places in Sp. 

Proposition 6.1. There are isomorphisms 

SekUF,T*) ^ H\Gf,s,,W)\ SeU(F,T) ~ H'{Gf,s,,W*)\ 

Proof. The middle of the Poitou-Tate exact sequence yields 

Se\str{F, Ej,*n)^ H'^{GF,SF-,E-„ri) — > ^ H'^{Fy, E^^n). 

v€Sp 

Duahsing, and using the fact that, via Tate local duality, we have H'^^F^, E^^n)^ ~ H^[F^, E^^^n) 
for each place f of F gives 

H^{Fy, Et,*^) H'^{Gf,Sf, E-„n)^ ~* Selstr(-F, -Ett*") — * 0. 

veSp 

By passing to limits we obtain 

H%F,,T*) H\Gf,s,.W)'' ^ SeU(F,T*) ^ 0, 

and this establishes the first isomorphism, since the first term of this last sequence is equal 
to zero. 

The second isomorphism may be proved in a similar manner. □ 

Recall that r = rko^(E(K)). 

Proposition 6.2. Suppose that r > 1. Then 

rko,,^.(SeW(i^,T*)) = rko,,,,, (SeW(r)(^, 2^*)) 

= rko,,,.(Sel(i^,T*))-l. 

Proof. Since r > 1, the image of the localisation map 

^d{K,T*)^ E{K^,)®OK,r 
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is infinite. The result now follows from the fact that 
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Tko,jE{K,,)^OK^,,]=Tko,, 



K,p* 



l[E{K, 

v\p 



O 



1. 



□ 



Lemma 6.3. (a) The cohomology group Hj{Kp*,T) is finite, and 

ii7;(irp,,T)i~i4.(v)i~i-V'(p*) 



in Zr, 



(h) We have 



H}{K,,,T) = H\K,*,T),,,,, 



and H^{Kp*,T)/Hj{Kp*,T) is OK,p*-free of rank one. 

Proof. Part (a) follows directly from [H Lemma 1]. 

To prove part (b) , we observe that, via Tate local duality, the dual of {Kp* , T) / Hj {Kp* , T) 
is equal to E{Kp*) ® Dp*, and this last group is divisible of Oif_p*-corank one. □ 

Proposition 6.4. (a) Suppose that r > 1. Then 

rko,^^. {SeU{K, T*)) = rko,,^, {Se\{K, T*)), 

and 

[Se\UK,T*) : Sel(K,r*)] ~ \Ep4kp,)\. 
(b) Suppose that r = 0. Then 

rko,,,^.(SeU(ir,T*)) = L 
Proof. The Poitou-Tate exact sequence yields 



- Sel(ir, T*) SeU(i^, T*) ^ ^[fjp-^ - Sel(ir, WY 



(6.1) 



v\p 



The cokernel of a is the Pontryagin dual of the image of the localisation map 

Sel{K,W)^^Hj{K,W), 



v\p 



and so has Ox,p*-rank one if r > 1 and rank zero if r = 0. As 

Tko,^^,[®.UH\K,T*)/Hj{K,,T*))] = 1, 

we therefore deduce that ikoj^ ^,{Se[^ci{K,T*)) is equal to rko^^, (Sel(ii', T*)) if r > 1, and 
is equal to one if r = 0. In particular, we have that Selrei(-ft", T*)/Se\{K, T*) is finite if r > 1. 
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Now suppose that r > 1. As H^{Kp,T*)/ Hj{Kp,T*) is Ox.p*-free of rank one (Lemma 
16.3( b)) and Selrei(-ft', T*)/Sel(i^', T*) is finite, (16.11) implies that there is an exact sequence 

SeU^^ 

Se\{K,T*) Hj{Kp*,T*) ^ ^ 

Since E{Kp.)®Dp = 0, it follows that a' is the zero map. The dual of H\Kp, ,T*) / H}{Kp, ,T*) 
is isomorphic to Hj{Kp*,T), and Lemma [6.3( a) implies that 

Hence [Se\,ei{K,T*) : Se\{K,T*)] ~ |^p.(V)l, as claimed. □ 
Proposition 6.5. Suppose that r > 1. Then 

Sp.(ir,T*) = SeU(r)(^,T*). 

In particular, we have 

rko,^,(Sp.(K,r*)) = rko,,,.(Sel(ir,T*)) - L 
Proof. From Proposition 16.4( a). we have 

rko,,,. {SeU{K, T*)) = rko,,^, {Se\{K, T*)). 

This implies that 

rko,,,,.(Sp.(ir,T*)) = rko,,^,(SeU{r)(^,2-*)) 

= rko,,^,(Sel(ir,n)-l. (6.2) 

It follows from the definitions of Sp. {K, T*) and Selstr(p*)(-^, T*) that we have the following 
exact sequence 

- SeW(p*)(i^,T*) ^ Sp*(ir,T*) ^ ^ Coker(/3) ^ 0, 

where /3 is induced by the obvious localisation map. From (16. 2p . we see that Sp. (i^, T*) /Selstr(p*) {K, T*) 
is finite. Hence, as H^{Kp,T*)/ Hj{Kp,T*) is 07^^p*-free of rank one (see Lemma lUTST b)). it 
follows that (3 is the zero map. This implies that 

Sp.(ir,T*) = SeW(p*)(i^,n 

as claimed. 

The final assertion of the Proposition is a direct consequence of Proposition 16.21 □ 
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Remark 6.6. Suppose that r > 1. Then it follows from Proposition 16.51 together with 
the definition of [, ]k,p* that the pairing [, ]k,p* is simply the restriction of Perrin-Riou's 
algebraic p-adic height pairing { , }k,p* to Selstr(p*)(-f^, 7"*) x Selstr(p) (-^, 7") . Hence, if r > 1 
and { , }k,p* is non-degenerate, then so is [, ]k,p*- We conjecture that the pairing [, ]^ p* is 
also non-degenerate when r = 0. □ 

Proposition 6.7. Suppose that r = 0. Then 

rko,^,(Sp.(K,T*)) = l. 

Proof. We have an injection 

O^Sp*(K,r*)^Selrei(i^,T*), 

and we know that rko^^. {SeUi{K, T*)) = 1 (Proposition ElKb)). Hence rko^^. (Sp. {K, T*)) 
is either zero or one. 

Suppose that rko^^, (Sp*(-ft', T*)) = 0. Then the proof of Theorem 15.21 shows that the 
characteristic power series Hk G A{K^) of Xp*{K,W*) does not vanish at t = 0. This 
implies that ords=i L*{s) = (see fl2.6p ). On the other hand, it follows from the functional 
equation satisfied by the two- variable p-adic L-function Cp (see [6l Chapter H, §6]) that the 
orders of the zeros at s = 1 of Lp{s) and Lp*{s) have opposite parity. Since r = 0, the order 
of III (if) is known to be finite (see ^13j), and so 

ord,=i Lp{s) = rko,,,^.(Sel(if,T*)) = 0. 

This implies that ords=i L*{s) > 1, which is a contradiction. 

It therefore follows that rkoj^p*(Sp*(-R', T*)) = 1 as claimed. □ 

Corollary 6.8. Assume that [, ]k,p* is non- degenerate. 

(a) If r >l and m(ii')(p*) is finite, then 

ord^=iL*(s) = r - 1. 

(b) lfr = 0, then 

ords=i L*p{s) = 1. 

Proof. This follows directly from Propositions 16.51 and 16. 7[ and (12. 6p . □ 

Remark 6.9. Corollary 16.8( b) confirms the expectation expressed in flbl Remark on p. 74] 
(see also §11, Remarks(2)]). It would be interesting to know if there is any way of 
showing that rko^^, p*(Sp. (i^', T*)) = 1 when r = without appealing to the functional 
equation satisfied by £p. □ 
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Proposition 6.10. (a) Suppose that r > 1, and assume that IIl(ii')(p*) is finite. Then 
^Tci{p){K){p*) is also finite, and we have 

|mrei(p)(ir)(p*)| = \m{K){p)\ ■ [E{K,)®Ok,p : loCp(Sel(ir,T))]. 

(b) Suppose that r = 0. Then IIIi.ei(p)(i^')(p*) has OK,p*-corank one. 

Proof, (a) For each n> 1, we define Bn via exactness of tlie sequence 

Then there exists a map hn '■ H^{Kp, E)^^*^ —>■ Bn, and tlie sequence 

^ m{K)^*n ^ m,ei(p)(i^)..n ^ H\K„ E)^.n ^ Bn (6.3) 
is exact. Passing to direct limits over n in (16.31) yields the sequence 

lim hn 

^ m{KW) ^ m,ei(p)(ir)(p*) ^ i/^(irp,S)(p*) lim5„. (6.4) 

It follows from a theorem of Cassels (see [3, p. 198]) that the dual of i?„ is isomorphic 
to Sel(i(', i?7r")- Tate local duality implies that the dual of H^{Kp, E)^^*^ is isomorphic to 
E{Kp) / 'K"'E{Kp) and that the kernel of lim/i„ is isomorphic to the dual of the cokernel of 
the localisation map 

locp : Sel(ir,T) ^ E{Kp) ® Ok^p- 
If r > 1, then this cokernel is finite, and we therefore deduce that 

[m,,i(p)(i^)(p*) : m{KW)] = [E{Kp) ® Ok,p ■■ locp(Sel(ir,T))]. 

Hence, we have 

|m,ei(p)(ii')(p*)| = mK){p*)\ ■ [E{Kp)®Ok,p : loCp(Sel(ir,T))] 

as claimed. 

(b) If r = 0, then Sel(-ft', T) is trivial, because Ill(i^) is known to be finite, and E{K){p) = 
0. This implies that Coker(locp) = E{Kp) Ok,p is 0/^^p-free of rank one. It now follows 
from (16. 4p that mrci(p)(-ft')(p*) has Ox,p*-corank one. □ 

Proposition 6.11. Suppose that r > 1, and assume that IIl(i^')(p*) is finite. Then 

|Sp.(ir,iy*)/div| = |m,ei(p)(ir)(p*)| ■ [E{Kp,) OK,r ■■ loCp.(Sel(ir,T*))]. 
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Proof. Let yi, . . . , i/r-i be an 0/^^p*-basis of Ei p* (K), and extend it to an Oi^^p*-basis yi, . . . , yr-i, yp* 
of E{K) ®Ok Ok,p*- There is an exact sequence 

with 

\U\ = [E{K,,) OK,r ■■ \oc,,{E{K) ®Ok Ok^p*)] 
= [E{K,:) OK,r ■■ loCp.(Sel(ir,T*))]. 
Tensoring this sequence with Dp* yields an exact sequence 

O^V^ {Ok,p' ■ yp*) ®Ok Dp* ^ E{Kp,) Dp* ^ 0, 
with \U\ = \V\. As 

E{K) ®Ok Ok,p* ^ Ei^p,{K) © {Ok,p* ■ Z/pO, 
it follows that the kernel of the localisation map 

E{K) Dp. E{Kp,) Dp. 

is isomorphic to {Ei^p*{K) ®Ok Dp*) ® V . 
Define 



m(X)rei := Ker 



h\k,e)-^\[h\k,,e) 

then we have an exact sequence 

-> E{K) ® Dp* ^ SeUi(if, W*) ^ m,,,{K){p*) ^ 0. 

Now consider the following commutative diagram, in which the vertical arrows are the 
obvious localisation maps: 

> E{K)®Dp* > Se\,^i{K,W*) > m,^i{K){p*) > 







H\Kp*,W* 



H\Kp*,E){p*) > 



E{Kp*)®Dp* — 
Applying the Snake Lemma to this diagram yields the exact sequence 

^ (E^^riK) ® Dp*) ®V^ Sp*(ir, W*) ^ m,ei(p)(ir)(p*) ^ 0. 



As IIIi.ei(-ft')(p*) is finite (see Proposition 16.101) and Ei^p*{K) ®Ok Dp* is divisible, it follows 
that 

j:p*{K,W*)/d;, = \m,,i{K){p*)\ ■ \v\ 

= |mrei(p)(ir)(p*)| ■ [E{Kp*) ®o, Ok,p* : loCp*(Sel(ir,T*))], 
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as asserted. 
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□ 



7. Proof of Theorem | 
Proposition 7.1. Suppose that r = 0. Then 



|ni(i^),el(p)(p*)/ 



div 



Proof. Consider the following diagram in which all columns are exact and /i, /2 are the 
obvious localisation maps: 





E{K) ® Dp. = 



SeUi(ir, W*) 
h 



m,ei(p)(i^)(p*) 



mrei(i^)(p*) 







E{Kp*)®Dp* > Coker(/i) > Coker(/2) 

Applying the Snake Lemma to this diagram yields an exact sequence 

^ Sp,(ir, W*) m,ei(p)(i^)(p*) ^ E{K,,) ® Dp. ^ Coker(/i) ^ Coker(/2) ^ 0. (7.1) 

Let us first determine Coker(/i). The Poitou-Tate exact sequence gives 

^ Sp.(K, W*) ^ Sel^iK, W*) ^ H\K,,,W*) ^ t,{K,T)'^ ^ i/^^G^^^^, M^*), 

where Gk,Sk denotes the Galois group over K of the maximal extension of K that is un- 
ramified away from p. Since r = 0, Propositions 16.11 and 16.21 imply that H'^{Gk,Sk^ W*) = 0, 
and so we have 

Coker(/l)^Sp(i^,T)^ (7.2) 

In particular, it follows from Lemma [3.61 and Proposition 16.71 that Coker(/i) is divisible of 
Oft: p.-corank one. 

In order to determine Coker(/2), we observe that E{Kp*)®Dp* is divisible of O^r^p.-corank 
one, and the kernel of the map 

E{Kp,)®Dp, Coker(/i) 

in (17.11) is isomorphic to IIIi.ei(p)(-ft')(p*)/Sp. (i^, W*). This last group is finite, because both 
IIIrei(p)(-^)(p*) and Sp*(fr, ly*) have O^r^p.-corank one (see Propositions 16. lOt b) and 16.71) . It 
therefore follows that Coker(/2) = 0. 
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From (17.11) and (17. 2p . we obtain the sequence 

m,el(p)(i^)(P*) 



25 



Dualising this sequence yields 

O^Sp(ir,T)^ 
We therefore have 



H}iK,,,T) 

mrel(p)(i^)(P*) 



m,ei(p)(i^)(p*) 



^AK, w*) 

nirel(p)(/S:)(p*)/div 



[H\K,.,T) : locp.(Sp(K,T))] ■ \HjiK,,,T)\-\ 



which in turn implies that 

|Sp.(ir, l^*)/div| 

Since 



mrei(p)(/r)(p^ 



)/div| 



(see Lemma [6.31) . we finally obtain 

|Sp.(ir,iy*)/div|~(l-^(p*)) 
as claimed. 



miK,,,T):\oc,,ii:piK,T))] 

|ni(i^)rel{p)(P*)/ div 



H}{K,,,T)\. 



(7.3) 



□ 



Proof of Theorem\M We first note that, as [, ]k,p* is non-degenerate (by hypothesis), 
we have ord5=iL*(s) = 1 (Corollary 16.8( b)). Hence from (15. ip . (12. 7p . Proposition 17.11 and 
Remark 13.41 we have 



n-— y ~ logp(^*(7)) 



1 I 1*1 \\ ^^ |UIrcl{p)(-f^)(P*)/div| 
logp(V' (7)) • (1 - ^(P ^ 



[m{K,,,T):\ocA^,iK,T))] 



■ n 



This completes the proof of Theorem El 



□ 



26 a. agboola 

8. Proof of Theorem [B] 

Suppose now that r > 1. Then E{K)®Ok,p* is a free Oi^^p.-module of rank r. Proposition 
16.21 imphes that the kernel of the locahsation map 

locp. : E{K) ®Ok Ok,p* ^ E{Kf,) ® Oj^,p. 

has O/^-^p^-rank r — 1. Let yi, . . . , yr-i be an Oi^,p*-basis of this kernel, and extend it to an 
0/^,p.-basis 1/1, ... , yr-i, yp* of E{K) ® Ok,p'- 

Proposition 8.1. With the above assumptions and notation, we have 

[E{Kp*) ®Oj, Ok,p* : \oCp,{E{K) ®Ok Ox^p*)] ~ p^Mog^^p.(?/p.), 
where log^jp, denotes the p*-adic logarithm associated to E. Similarly, we also have 

[E{K^) Ok,p ■■ locp(E(ir) Ok,p)] ~ p-Mog^,p(yp), 
when yp G E{Kp) ®Ok Ok,p is defined analogously to yp*. 

Proof. We give the proof of the first assertion; that of the second is of course essentially 
identical. 

We first observe that, from the definitions, we have 

[E{Kp,) ®Ok Ok,p* : \oCp, {E{K) ®Ok Ok^p*)] = [E{Kp,) ® Ok,p* : loCp.(Oi^,p. ■ ?/p.)]. 
Let Eq denote the kernel of reduction modulo p* of E, so we have an exact sequence 

^ EoiKp,) ^ E{Kp,) ^ Ep,(V) 0. 

Set 

Z := Ok,p^ ■ yp*, Zo := loCp*(Z) n ^o(^r)' C := loCp*(Z)/Zo. 
Write Ap* for the restriction of locp* to Z. We have the following commutative diagram: 
> Zo > Z > C 0Ok Ok,p' ^ 

P Ap* p' 

> Eo{K;)®OkOk,p' > E{Kp*)®OkOk,p' ^ Ep,{kp,) ®Ok Ok,p' > 

Observe that p is injective since Ap. is injective, and that Ep*{kp*) ®Ok Ok,p* = because 
Ep*{kp*){p) = Ep*{kp*){p) (see e.g. [121 p. 28]). Applying the Snake Lemma to the diagram 
yields the exact sequence 

^ Ker(p') ^ Coker(p) ^ Coker(Ap.) 0, 

and so we have 

1 Coker(Ap.)| = \C (^Ok Ok,pA'^ ■ \ Coker(p)|. 
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Set k = [Z : Zq] = |C ® Ok,p*\', then ki/p* is an 0/^^p*-generator of Zq. Since there is an 
isomorphism 

it follows that we have 

I Coker(p)| ~ p'^ log^ p,(%p.) = kp'^ log^ p*(?/p*). 

Therefore 

I Coker(Ap.)| ~ p^Mog^^p, (?/p*), 
and this establishes the desired result. □ 

Corollary 8.2. Suppose that r > 1 and assume that Ill{K){p*) is finite. Then 

|nirei{p)(AO(p*)| = p-' ■ |ni(K)(p*)| ■ log^,p(yp). 

Proof. This follows directly from Propositions 16.10( a) and 18.11 □ 

Proof of Theorem Wi By hypothesis, [, ]k,p* is non-degenerate, r > 1, and Ul{K){p) is 
finite; hence we have that ords=iLp(s) = r — 1 (Corollary 16.8( a)). Proposition 16.111 and 
Corollary 18.21 imply that 

|Ep.(K, l^*)/div| = |m,ei(p)W(p*)| ■ [E{K,.) Ok,,* : locp. (Sel(K, T*))] 
~ . |m(ir)(p*)| ■ log^,p.(yp.) ■ log^,p(2/p). 

We therefore deduce from (15. ip . (I2.7p and Remark [3.41 that 
lim- ^— — - ~ 

[log^irmr' ■ ■ ■ iog^,r(ypO ■ iogs,p(i/p) ■ 7^x,p., 

as asserted. 

This completes the proof of Theorem [Bl □ 
9. Canonical elements in restricted Selmer groups 



The goal of this section is to explain how the methods of [H] may be used to produce an 
exact formula for lim^.^! L*{s) /(s — 1) when r = (see Theorem 19.51 below) . The arguments 
involved are quite similar to those of [H], and so, in what follows, we assume that the reader 
has a copy of [H] and is willing to refer to it from time to time for some of the details we 
omit. 
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We begin by introducing the following notation (some of which differs from that of [14]): 

Un,p '■= units in /C„_p congruent to 1 modulo p; 
Un,p* '■= units in /C„,p* congruent to 1 modulo p*; 
Uoo,p ■■= lim Un,p, f/oo,p* := hm f/„,p*; 
f/* p := units in /C* p congruent to 1 modulo p; 
?7* p. := units in /C* p. congruent to 1 modulo p*; 

U^,p ■= ^^U*,p, U^,p' ■= lmf^n,p*' 
where all inverse limits are taken with respect to norm maps. We also set 

£n '■= global units of /C„, S* := global units of /C*; 
Sn '■= the closure of the projection of Sn into Un,p', 
8*^ := the closure of the projection of 8^ into f/jj p. ; 
£oo:=lim^^n, := limg*. 

Remark 9.1. Note that since the strong Leopoldt conjecture holds for all abelian extensions 
of K (see [2]), we have that 

8n ^ ®Z Zp, £:* ~ £:* (g)z Zp, 



and so we may also view 8oo as being a submodule of Uoo,p* and 8*^ as being a submodule 
of p. We shall do this without further comment several times in what follows. □ 

Proposition 9.2. There are natural injections 



p : Hom(T*, {U*^^^ ® / tj''-''^^-'^^ ^ t,{K,n 
p* : Hom(r, (f/oo,p ® Q)/8^f^'^'^-/''^ t,.iK,T*) 

Proof. The proof of this result is essentially the same, mutatis mutandis, as that of [1 
Proposition 2.4]. The map p is defined as follows. 

For any / G Hom(T*, (t/^ p (S> Q)/£^|^)^''^^'^°°/^^ and any integer n > 1, we define /„ G 
Hom(i?7r"j ^n/^n^")*^^'*'^°°^^'' be the image of / under the following composition of maps: 

Hom(T*, ([/^_p ® Q)/^;,)«^'(^-/^) ^ Hom(r*, ([/^p ® Q)/^*)^^'^^-/^) 

^ Hom(E.n,^*/^7")G-i(/c^/i^)^ 

where the first arrow is the map induced by the natural projection p — > U* p, and the 
second arrow is induced by raising to the p^-th power in U* p. 
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Recall that, for each n > 1, there is an isomorphism 

p„ : H\K,E^.) A Hom(E..n,/Cr//CrP")^^^('^"/^) 
(see e.g. [T^ Lemma 2.1] or flUi Lemme 12]). We define 

p{f) := [(p- l)(7r*)>;i(/„)] G limif^(ir,i?..). 

n 

It is not hard to check from the definition that p is injective. It follows from Theorem 13. H 
Proposition 13. 2[ and Corollary 13.31 that Pn^ifn) ^ ^p{K, Et,,i) if and only if the restriction 
of Pn^ifn) to H^^Koo, E.„n) is umamified outside p*. It may be shown via an argument very 
similar to that given in Lemmas 2.1 and 2.3] that this in fact the case. □ 

We shall now explain how elliptic units may be used (following [H]) to construct canonical 
elements 

4')eSp(if,T), s^;j et,,iK,T*) 

when r = 0. These are the analogues in the present situation of the elements x^p^ G Se\{K, T) 
and Xpl^ G Se^K, T*) constructed in [H] when r = 1. 

Let Coo ^ £oQ and C £^ denote the norm-coherent systems of elliptic units constructed 
in [T^, §3] , and write Coo and for the closure of C^o in £oo and in 8^^ respectively. Set 

J* := Kei{r ■■ K^*oo) ^ Zp), J := Ker(V^ : A(/Coo) -> Z^), 

and let d* be the generator of J* fixed in [TH §6] (so d* = 'yip* {'-f^^) — 1, where 7 is any 
topological generator of Gal(/C^/-ft') satisfying logpi^ip* il)) = p)- Write f C Ok for the 
conductor of the Grossencharacter associated to E, and let N(f) denote the norm of this 
ideal. Fix B G E^/ GaA{K/K), and generators w of T and w* of T* according to the recipe 
described in [HI §6]. Let 

^^B(N(f)-i«;*)GC^f/^,p®Q 
denote the elliptic unit constructed in [lA, §3]. 
Suppose that t is a positive integer such that 

C ^ T*-^^L C f/;^ p ® Q and C ^ ^(f^^^.p ® Q)- 

Proposition 9.3. There exists a unique homomorphism cTp G Hom(T*, ([/^ p (g) Q)/^oo) 
such that 

inrjj*'£l. 

Proof. Theorem 7.2(i) of [H] implies that contains no '(9*-torsion elements. The exis- 
tence of (Tp*^ therefore follows via an argument very similar to that of [TT, Theorem 4.2]. □ 
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We set 

where of course the definition a^} G Hom(T, (t/oo,p* ® Q,)/Soo) the same, mutatis mutandis, 
as that of (yp\ 

Remark 9.4. In fact the only non-zero values of Sp^ and s^} occur when r = and t = 1: 

(a) Suppose that r = 0. Then Lp{l) ^ 0, and so we have (via [T^, Theorem 7.2(i)], for 
example): 

Coo ^ ^^oo C f/oo,p ® Q and Coo 2 X(f/oo,p ® Q). 

In particular, we have that Coo 2 I£oo ^ f^oo.p ® Q. Similar remarks imply that also 
C*^ 2 I*Sl^ C U^ p, (g) Q. Applying Remark [OH we deduce that 

C 2 ^ f/i,p* ® Q. (9.1) 

Now suppose in addition that [, j^^^p* is non-degenerate. Then Theorem Rl implies that 
ords=iL*(s) = 1, and so from Theorem 7.2(i)], we have 

Cl^riU*^,p(S>Q). (9.2) 

We now deduce from (19. ip and (19.21) and the definition of p that sf^ ^ 0. 
A similar argument shows that s^p} ^ also. 

(b) Suppose now that r > 1. Assume that ni(ir)(]9) is finite, and that the height 
pairing [, j^^ p* is non-degenerate. Then Theorem [B] (or [TU Corollary 11.3]) implies that 
ord<j=i i^p(s) = r — 1, and so it follows from [TU Theorem 7.2(i)] that 

C^2:--'(t^:>,p®Q)- (9.3) 

On the other hand. Theorem 4.2 and Proposition 4.4 of [H] imply that 

C c z*'~'T^ c f/^ p. ® Q, 2 r^^; c ® q, 

and so applying Remark WA\. we deduce that 

C c T^'^r^ c f/^ p ® Q, C 2 ^ f/i,p ® Q- (9.4) 

It now follows from (19. 3p and (19.40 that Sp ^ = for 1 < t < r — 2 and that Sp ^ is not 
defined for t > r — 1. 

(c) Suppose that r = 0, but that ords=i ivp(s) > 1 (so, in particular, the pairing [, ]k,p* is 
degenerate, which we expect never to happen). Then an argument similar to that given in 
(b) above shows that s^p^ = 0, and that Sp^ is not defined for t > 1. □ 
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Theorem 9.5. Suppose that r = and that [, ]k,p* is non- degenerate, so ords=i L*{s) = 1. 
Then 

lim^i^ = N(f)-i(p- 1) (l - ^] lim logp(ai:^K)). 

Proof. This may be shown in exactly the same way as [TU Proposition 9.4(ii)]. □ 

Remark 9.6. The precise relationship between Theorem Rl and Theorem 19.51 is not clear, 
and it would be interesting to obtain a better understanding of this. □ 
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